Modeling Dynamic Site Response Using the Overlay Concept
James Kaklamanos1, Ph.D., A.M. ASCE; Luis Dorfmann2, Ph.D., P.E.; and Laurie G.
Baise3, Ph.D., M. ASCE
1

Assistant Professor, Dept. of Civil and Mechanical Engineering, Merrimack College, 315 Turnpike
Street, North Andover, MA, 01845, KaklamanosJ@merrimack.edu
2
Associate Professor, Dept. of Civil and Environmental Engineering, Tufts University, 113 Anderson
Hall, Medford, MA, 02155, luis.dorfmann@tufts.edu
3
Associate Professor, Dept. of Civil and Environmental Engineering, Tufts University, 113 Anderson
Hall, Medford, MA, 02155, laurie.baise@tufts.edu

ABSTRACT: Finite element programs allow for an enhancement in the
computational capabilities of earthquake site response models. However, many finite
element programs involve complicated constitutive models that are difficult for the
end user to implement. We present a methodology for modeling earthquake site
response within a general finite element framework, using an overlay model to
represent nonlinear soil behavior. Using parallel load-carrying elements with varying
stiffness and yield stress, the behavior of any given backbone stress-strain relation can
be replicated, along with hysteretic unloading-reloading (Masing) behavior. Our finite
element modeling methodology makes use of existing conventional elastoplastic
material models available in any general finite element program, without requiring the
specification of any complicated constitutive models. To represent overlay elements
in a finite element model, the user defines a number of finite elements and assigns
each of them identical node numbers. The only necessary input parameters are
density, elastic constants, and the backbone curve of a stress-strain relation. This
paper focuses on the application of one-dimensional total-stress site response, but the
framework could be easily extended to model cyclic hardening and softening, threedimensional wave propagation, and soil-structure interaction.
INTRODUCTION
Site response analyses are used to estimate the ground motion at the surface, as a
function of the properties of the soil profile and the “bedrock” ground motion at the
base of the soil profile. The equivalent-linear site response model, the most
commonly used site response model in engineering practice, was found by
Kaklamanos et al. (2013a) to be inaccurate at shear strains of approximately 0.1–
0.4%. At larger strains, to model fully nonlinear behavior, the site response
calculation should be performed in the time domain, which allows for a more accurate
representation of the true cyclic stress-strain path. For many important nonlinear site
response applications, such as soil-structure interaction and three-dimensional wave
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propagation effects, finite element methods are preferred, especially when complex,
non-rectangular geometries are needed.
The purpose of this paper is to present a simple methodology for modeling
earthquake site response within a general finite element framework, using the overlay
concept set forth by Nelson and Dorfmann (1995). Some nonlinear constitutive
models in finite element analyses are difficult to implement and require significant
adjustments to existing numerical codes; this paper offers a simple alternative that
does not require any modifications to existing finite element programs. Specifically, a
number of overlays of simple models are used to achieve a realistic representation of
the actual material behavior. As described by Nelson and Dorfmann (1995) and
Dorfmann and Nelson (1995), an overlay model uses parallel load-carrying elements
with varying stiffness and yield stress, to replicate the behavior of a backbone stressstrain curve. To represent overlay elements in a finite element model, the user defines
a number of finite elements and assigns each of them identical node numbers.
Because the parallel elements share the same nodal points, the N elements have
identical strain components:
=
=
=⋯=
. The total stress
corresponding to a given strain is additively decomposed, and therefore we write:
= ( ) + ( ) + ⋯ + ( ) . This simple modeling strategy accounts for
hysteretic unloading-reloading behavior, representing Bauschinger’s effect (an
apparent reduction in yield stress when loads are reversed (Fung 1965)) and Masing
behavior (Masing 1926) in a straightforward manner. Under Masing behavior, the
stress-strain curve initially follows the backbone curve, and unloading-reloading
curves have the same shape as the backbone curve but are enlarged by a factor of two.
When parallel load-carrying elements are defined using the overlay concept in a
finite element model, the resulting behavior is consistent with a general class of
material models originally conceived by Iwan (1967) and Mroz (1967). Iwan (1967)
and Mroz (1967) represented the stress-strain response of a material by using a set of
elastoplastic springs connected in parallel. More specifically, each element is
composed of a linear spring with shear modulus Gi, and a Coulomb friction element
with yield stress , as illustrated in Fig. 1.

FIG. 1. Schematic of the Iwan (1967) and Mroz (1967) material model composed
of elastoplastic springs in parallel.
The Iwan (1967) and Mroz (1967) parallel material model, or modifications thereof,
have been applied to soil dynamics in a number of previous studies (e.g., Joyner and
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Chen 1975; McKenna and Fenves 2001; Hartzell et al. 2004; Assimaki et al. 2008).
To our knowledge, the geotechnical earthquake engineering literature has not yet
seen the application of the overlay concept to modeling site response in a general
finite element framework. This paper focuses on the particular application of onedimensional (1D) site response, but the modeling concept here can be used equally to
represent the hysteretic stress-strain behavior of soils under any other dynamic
loading condition. In this study, we use the general finite element software
Abaqus/Explicit (Dassault Systèmes 2009).
The overlay model presented in this paper has a number of advantages:
1. The model can be implemented with limited geotechnical data (a density profile,
shear-wave velocity profile, and modulus-reduction curves).
2. The model can be implemented in nearly any existing finite element code, using
standard “off-the-shelf” constitutive models (e.g., elastic – perfectly plastic
elements).
3. The basic model is a total-stress representation of nonlinear soil behavior;
however, the overlay model can be easily adapted to simulate more complex
behavior (such as degradation of the backbone curve and pore pressure
generation). The total stress representation may still be used in saturated soils,
but excess pore pressures cannot be modeled.
4. This modeling concept can be adapted for two-dimensional (2D) and threedimensional (3D) site response analyses, offering greater flexibility than the 1D
site response programs frequently used.
In this paper, we present the details of our overlay model for earthquake site response
within a general finite element framework. First, we explain the mechanics of the
overlay model, and how the model may be used to replicate any backbone stressstrain curve, as well as Masing unloading-reloading behavior. Then, we present a
newly developed method for determining the shear moduli and yield stresses of the
individual overlay elements. Finally, we explain how the overlay model for 1D site
response may be implemented in a finite element analysis.
OVERLAY MODELING CONCEPT
When the magnitude of a dynamic load increases, soil experiences a decrease in
shear stiffness and an increase in the amount of energy dissipated through hysteretic
damping. Nelson and Dorfmann (1995) showed that the overlay modeling concept not
only provides the primary stress-strain response, but also accounts for energy
dissipation in a simple and natural manner. An illustration of the stress-strain response
for the case of N = 3 parallel elements is shown in Fig. 2. The total stress-strain curve
of the material is given by the addition of the stresses in the individual parallel
elements, which are all subject to the same deformation. The stress-strain behavior of
an individual element (denoted i) is elastic with shear modulus Gi for shear strains
less than γi, and becomes perfectly plastic with yield stress
for strains exceeding γi.
The γi correspond to the strain values of a backbone stress-strain curve ( , ); the N
points of a backbone curve lead to N overlay elements. The stress-strain behavior of
the material is defined by a sequence of yield points that occur at increasingly higher
stress levels, replicating the behavior of the backbone curve. Specifically, the total
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shear stress (τ) for a given shear strain (γ) is represented by the sum of an elastic and
plastic component:
( )=

+

,

(1)

where n is the number of elements that remain elastic up to strain γ, and N is the total
number of elements. For increasing strains, more of the parallel elements are forced to
yield, and the load must be carried by a smaller number of elastic elements. As strains
increase, the shear stiffness of the material becomes successively smaller. When the
final element reaches the elastic limit, the maximum load-carrying capacity of the
material is reached, and no further increase in load is possible. The J2 (von Mises)
plasticity criterion is used in the Iwan (1967) and Mroz (1967) material model;
although more advanced alternatives are available, the J2 plasticity criterion is
computationally efficient and lends itself well to the overlay model.

FIG. 2. Stress-strain behavior for N = 3 elastoplastic elements in parallel. Dashed
lines indicate the stress-strain behavior of each element, and solid lines indicate
the total stress-strain response of the material.
MATERIAL PARAMETERS
Shear moduli and yield stresses
We now describe the material parameters of the overlay model composed of
parallel elastoplastic elements. Given a backbone curve = ( ), we must calculate
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the shear moduli ( , , … , ) and yield stresses ( , , … ,
) of the N parallel
elements for application in a finite element code. We derive a system of equations
that directly, for a given backbone curve, gives the magnitude of the shear modulus
and yield stress of each individual element. The first step is to linearize the backbone
curve into N linear segments, defined by the points ( , ), i = 1, 2, …, N. The general
stress-strain equation, which represents the multilinear approximation to the backbone
curve, can be written as
(

)
)

+ + ⋯+
+( +⋯+

⋮

+⋯+
+⋯+

( )=
⋮

+(
)+

(

+⋯+
+⋯+

+⋯+ )
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+⋯+

)

(

for 0 ≤ γ ≤ γ
for γ ≤ γ ≤ γ

)

+
)+

(

(2)

for γ
≤γ≤γ
for γ ≥ γ .

)

(

for γ
≤γ≤γ
for γ ≤ γ ≤ γ

Note that each inequality in Eq. 2 is closed, meaning that at the N breakpoints, two
possible stress-strain equations are valid: the equations for both the preceding and
successive linear segments. This equivalence is possible because the yield stresses
are related to the shear moduli by the equation
=
; element i switches from
elastic to perfectly plastic at . Applying Eq. 2 twice at each of the N breakpoints, we
obtain a system of 2N equations in 2N unknowns. Using matrix inversion, we obtain
the following general solution for the shear moduli ( , , … , ) and yield stresses
) for an overlay model composed of N elements:
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Damping
Nonlinear site response models generally have two types of damping: (a) hysteretic
damping, which is associated with energy dissipation within hysteresis loops, and (b)
viscous (velocity-proportional) damping, which is associated with dashpots embedded
within the material elements. Hysteretic damping (or material damping) is governed
by the unloading-reloading rules of the material model; for the overlay model in this
paper, Masing behavior (Masing 1926) dictates the area inside the closed hysteresis
loops. An equation for the hysteretic damping ratio (ξ) for a backbone curve
composed of N linear segments, defined by the points ( , ), i = 1, 2, …, N, is
( )=

2

∑

( +

)(

−

)

−1

(9)

(Ishihara 1996; Kaklamanos 2012). The sum is over a points (1 ≤ ≤ ), so that the
damping ratio can be evaluated for different strain amplitudes, from to . In order
to model the hysteretic damping, the user does not need to specify any additional
information, because damping is incorporated within the framework of the overlay
model itself.
Because there is little hysteretic damping at small strains, many nonlinear site
response codes include some level of viscous damping in order to maintain some
damping at small strains. In time-domain analyses, Rayleigh damping is the usual
mechanism for incorporating viscous damping. The Rayleigh damping coefficients
are calibrated to match a particular target damping ratio ξtar at specified frequencies
(Clough and Penzien 2003). Further details on the modeling of viscous damping in
the site response overlay model are available in Kaklamanos (2012).
Specification of material parameters in the finite element model
When applying the overlay model in a finite element analysis, the density of each
element needs to first be specified. The densities of the individual overlay elements
( , , …, ) are equal to the total material density ( ) divided by the number of
overlay elements: / . Since the elements are overlain upon one-another, it is
necessary to divide by N to ensure that the total density is equal to ; otherwise, the
total density would be too high. The nonlinear backbone curve = ( ) is then
specified using N data points: ( , ), ( , ), …, ( , ). For the N points along
the backbone curve, we use Eqs. 3–8 to construct N parallel elements, leading to a
shear modulus Gi and yield shear stress
for each of the N overlay elements.
Sensitivity analyses were performed on the value of N required to adequately
represent the material behavior, and we found that the predictions were nearly
identical for N > 20, and there were no significant differences when as low as N = 10–
15 overlay elements were used.
General finite element codes often require input in terms of Young’s modulus (E),
Poisson’s ratio ( ), and plastic yield stress ( ). Poisson’s ratio may be calculated
from the P- and S-wave velocities (VP and VS), or by assuming some reasonable value
(e.g., 0.3). For compatibility, we use the same value of for each of the parallel
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elements. Using Gi and , the Young’s moduli ( ) of the elements can then be
determined using the standard relation = 2 (1 + ). The plasticity criterion is a
J2 model, and therefore the yield shear stress must be converted to the corresponding
von Mises stress. This is accomplished by reducing the von Mises stress equation to
= √3 for pure shear (the state of stress in a 1D site response analysis).
FINITE ELEMENT ANALYSIS FRAMEWORK
Finite element model
A schematic of the finite element model for 1D site response is shown in Fig. 3.
The model consists of a column of reduced-integration 3D brick elements with unit
width in the x- and y-directions, and total height H in the z-direction, where H is the
thickness of the geologic profile. In the plane of the page, there is an analogous set of
nodes 1 m in the y-direction from the nodes shown. The upper layers, representing
soil, are modeled by overlays (nonlinear behavior), and the lower layers, representing
rock, are modeled by single elements (linear behavior). The loading is applied in the
x-direction, and all nodes are restrained in the y- and z-directions. Because each node
has one degree of freedom in the horizontal direction, vertically propagating shear
waves are modeled. The output from this analysis is the horizontal acceleration (ax) at
the ground surface, as well as shear stress ( =
) and shear strain ( =
) for
various elements throughout the soil profile.

FIG. 3. Schematic of the finite element model for earthquake site response.
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In establishing the finite element model, the thicknesses of the elements in the zdirection must be selected in order to consider the transmission of high-frequency
energy. In order to transmit shear waves of a specific frequency f, there must be a
sufficient number of elements per wavelength in the direction of wave propagation. A
general rule of thumb for finite difference and finite element models is to specify 10
grid points per wavelength (Alford et al. 1974). An upper bound on the allowable
element thickness h that will allow for the transmission of frequencies up to fmax is
≤ /(10
), where VS is the S-wave velocity of the element. We select fmax = 25
Hz for our analyses, because little seismic energy is transmitted at frequencies above
this range. This element thickness requirement leads to progressively thinner elements
near the top of the soil profile, where VS is smaller.
Specification of ground motion
The loading and boundary conditions at the bottom of the model are specified in
one of two ways, depending on the type of recorded input motion being used (Fig. 4).
Input ground motions for site response analyses are obtained either from a downhole
recording (also called a “within” motion, some depth below the surface) at a vertical
array, or from a surface recording on a rock outcrop (where site effects are assumed to
be negligible). As explained in further detail by Kwok et al. (2007) and Kaklamanos
(2012), rigid boundaries are used when the input motion is taken from a downhole
recording, and absorbent boundaries (representing an elastic base) are used when the
input motion is taken from an outcrop recording.

FIG. 4. Illustration of site response terminology, showing the free surface motion
(above a soil profile), rock outcrop motion, and bedrock downhole motion.
For the case of a downhole recording being applied to a vertical array site, the
input motion may be specified as-is; the acceleration time series is directly specified
as a boundary condition at the nodes corresponding to the base of the soil column.
This is known as a rigid boundary condition; because the motion at the base of the
model is completely specified, the base acts as a fixed-displacement boundary and
reflects all downward propagating energy back up into the soil column.
On the other hand, when an outcrop recording is applied as an input motion at the
base of a soil column, the downgoing waves generated by reflections off the ground
surface and the layer interfaces need to be accounted for by the site response model
(because the motion itself does not already contain these effects). The loading and
boundary conditions are specified in such a manner that downgoing waves are
allowed to be transmitted into the underlying bedrock; this is known as an absorbent
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(or “quiet”) boundary condition. We use the methodology of Lysmer and Kuhlemeyer
(1969) and Joyner and Chen (1975), in which the acceleration time series is expressed
as a shear stress time series at the base of the model:
( )=

( ),

(10)

where ( ) is the shear stress time series applied at the boundary,
is the density of
the underlying material (basement rock),
is the shear-wave velocity of the
basement rock, and
( ) is the velocity time series of the input ground motion,
obtained from a rock outcrop recording at the ground surface. In a general finite
element model, the absorbent boundary scheme can be applied in one of two ways,
through the use of (a) infinite elements, or (b) viscous dashpots. Details are described
further in Kaklamanos (2012).
SUMMARY
Our overlay model for earthquake site response has a number of advantages for its
usage in engineering research and practice: the model requires basic geotechnical
data, can be implemented in nearly any existing finite element code, and can be easily
adapted to model more complex behavior (such as cyclic hardening and softening,
soil-structure interaction, and two- and three-dimensional site response), without the
specification of any complicated constitutive models. The reader is referred to
Kaklamanos (2012) for a detailed validation and verification of the overlay model
using a station in the Kiban-Kyoshin network (KiK-net) of downhole arrays in Japan,
as well as an extension of the overlay model to simulate cyclic hardening and
softening. Kaklamanos (2012) and Kaklamanos (2013b–c) also provide validations
using a greater number of KiK-net sites and ground motions, as well as comparisons
to other site response models. The overlay model displays an improvement in
prediction accuracy over other standard site response models. Although this paper has
implemented the overlay model in the context of 1D site response, the modeling
strategy of parallel plasticity is extremely flexible, and allows for the representation
of hysteretic stress-strain behavior in a broad range of dynamic loading conditions.
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